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It is known that the study of exact solutions is useful to the understanding of nonperturbative effects in the strongly correlated electronic systems. The exact solution of the onedimensional Kondo model with linearized dispersion and no correlations between electrons was found in Refs. 1 and 2. In this paper, we study the problem of a Kondo impurity with arbitrary spin in the presence of the electronic correlations. We show that the model is exactly solvable at some value of electron-impurity coupling. Using Bethe ansatz, we solve the secular equations for the spectrum with periodic boundary conditions. The ground state as well as the magnetic susceptibility at zero temperature is calculated.
We focus on a system described by the Hamiltonian
where C ka annihilates an electron with momentum k and spin component a. The electrons are coupled by both spin and charge interactions to a localized impurity,
where the field ⌿ a is the Fourier transform of C ka , S 0 is the spin of the impurity and S is the spin of the electrons in the band. If we restrict our attention to the low-energy regime, namely, k close to the Fermi surface, we obtain the ͑linear dispersion͒ one-dimensional Kondo Hamiltonian with a ␦-function interaction between electrons. The coupling between the electrons does not contribute to the scattering matrix ͑S matrix͒ in the case of linear dispersion. However, once correlations are introduced, the scattering matrix is determined uniquely from the Schrödinger equation and the antisymmetry of the fermionic wave function.
We consider the case of quadratic dispersion, i.e., (k)ϭk 2 /2 ͑in units of ប and of the electron mass͒. We show that the present model can be solved exactly by means of Bethe ansatz with periodic boundary conditions. In order to have a periodic Hamiltonian in the Hilbert space of N electrons, we define the following commutation relations for the fields:
Then the Hamiltonian in the Hilbert space takes the form 
In these notations we can write the wave function in the Bethe ansatz form,
where aϵ(a Q1 ,a Q2 ,•••,a QN ), a j denotes the spin component of the jth particle; Pk represents the image of a given kϵ(
The wave function for the electrons must be antisymmetric under any permutation of both the coordinates and the spin components of the electrons. Since any element of the permutation group S N can be expressed as a product of the neighboring interchanges, 
where the spin labels are omitted and P Q j,Q( jϩ1) is the spinor representation of the permutation j . Explicitly, we have
Hamiltonian ͑1͒ contribute boundary conditions at hyperplanes ͕P ␣ ͖, 3, 4 i.e., the discontinuity of the derivatives of the wave function along the normal of the hyperplanes:
where ٌϵ͚ jϭ1 N e j ‫‪x‬ץ/ץ(‬ j ), x (␣) P ␣ , Uϭu for ␣ϭe i Ϫe j , and UϭJS j •S 0 ϩV for ␣ϭe i . As the regions C(Q (i) ) and C( j Q (i) ) (j i) are adjacent to each other, and so are C(Q (i) ) and C(Q (iϪ1) ), the respective boundary conditions ͑4͒ relate the wave functions on neighboring regions. After writing out the boundary conditions ͑4͒ and using Eq. ͑2͒, we find that
. The S matrix S Q j,0 of the electron impurity depends on the coupling constants J and V, and the S matrix of electrons takes the same form as that of the ␦-function fermion gas. 5, 6 Both the electron-electron and electron-impurity S matrices relate the coefficients A between distinct regions in the configuration space of N electrons. Using Eq. ͑3͒ and the S matrices, we find that the coefficients A in any region are determined up to an overall factor by the Š -matrices,
and A( j P; are satisfied only when Jϭ0 and V arbitrary, or JϭϪ2u and VϭϪ(sϩ1)u or su for an impurity of spin s. The former corresponds to a nonmagnetic impurity. 4 In the following we will focus on the latter case. The electron-impurity S matrix reads 
"x/u(sϩ1/2)… ϩ for VϭϪ(sϩ1)u and (x)ϭ0 for Vϭsu. These two cases correspond, respectively, to the antiparallel and parallel spin coupling between electron and impurity. Now we proceed to determine the secular equations for the spectrum by considering periodic boundary conditions. If x is a point in the region C(
. So the periodic boundary condition imposes a relation between the wave functions defined on C(Q (i) ) and C(␥Q (iϪ1) ). Writing out this relation in terms of Eq. ͑2͒, we find that the periodic boundary conditions are guaranteed provided that A( P;␥Q (iϪ1) )e i(Pk) 1 L ϭA(P;Q (i) ). After applying the S matrices successively, we obtain an eigenvalue equation in the spinor space:
Applying the quantum inverse scattering method ͑see Ref.
7͒, we find the Bethe ansatz equations:
Taking the logarithm of Eq. ͑7͒, we obtain a set of coupled transcendental equations,
where ⌰ ␤ (x)ϵ2 tan Ϫ1 (x/␤u), ϪϽtan Ϫ1 (x)р; ϭ1 for VϭϪ(sϩ1)u and ϭ0 for Vϭsu. The spin quantum number J takes integer values or half-integer values according to whether NϪM is even or odd; the charge quantum number I j takes integer values or half-integer values according to whether M ϩ1 ͑or M ) is even or odd for VϭϪ(sϩ1)u ͑or for Vϭsu). The last terms on both righthand sides of Eq. ͑8͒ represent the contributions of the impurity. The phase shift due to the impurity affects the quantum numbers I j and J .
We consider the thermodynamic limit. The ground state of the present model is a Fermi sea described by 0 (k) and 0 (), where 0 (k) is the distribution function of charge with momentum k and 0 () that of down spins with respect to the rapidity . The subscript zero is used for the case of zero magnetic field. The distributions of the roots satisfy the following coupled integral equations:
where
. The B and D are determined from the conditions
The energy of the ground state can be calculated once 0 (k) is known. In the absence of magnetic field Bϭϱ, we can write Eq. ͑9͒ in a closed form by Fourier transform,
In the strong coupling limit uӷ1, we obtain
] for impurity with sϭ half-integer. From the explicit form ͑11͒ we can completely determine D, and the energy density of the ground state is
In the presence of a magnetic field, we add to the Hamiltonian ͑1͒ a Zeemann term, Ϫh ͚ jϭ0 N S z j . We also add a term arising from the nonvanishing chemical potential. For h 0, B depends on the magnetic field. It is convenient to introduce the dressed energies 8 of charge and spin, (k), (), which are defined by
The Eqs. ͑9͒ of Fredholm-type 9 for (k) and () are equivalent to the following integral equations for the dressed energies,
where , Once the distribution () is solved, the magnetization per unit length follows as
͑15͒
Clearly, M is not exactly zero when Bϭϱ and s 1/2 due to the magnetization of the impurity. We will focus on the case of the weak magnetic field. Then the () for large mainly contributes to the magnetization. With the assumption ӷD, the second equation of Eq. ͑9͒ becomes
where a new kernel K and a distribution function ϱ () have been introduced. They satisfy the following equations
Shifting the origin, by introducing ()ϭ B (ϩB) and neglecting the higher-order terms, we obtain the following Wiener-Hopf integral equation for ():
can be solved by the one-side Fourier transform, 9 and reads
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where ϩ () and Ϫ () are the analytical parts of the Fourier transform () on the upper and lower plane, respectively. The kernel ͑20͒ is regular in the strip Ϫ (/u)ϽImϽ(/u), and is factorized into K ϩ () and
where K ϩ ϭ(Ϫiz) iz e Ϫiz ⌫(1/2Ϫiz)/ͱ2 with zϭu/2
and ͓K Ϫ ()͔ Ϫ1 ϭK ϩ (Ϫ). K ϩ () and K Ϫ () are regular and free of zeros, respectively, in the upper and lower halfplanes. After seperating K Ϫ () ϱ ()e ϪiB into a sum of two parts q ϩ ()ϩq Ϫ (), which are analytical in upper and lower half-planes, respectively, we obtain the solution of Eq. ͑19͒:
The magnetization at zero temperature is
We infer the magnetic susceptibility as
͑22͒
where f s (n)ϭexp͕Ϫi(nϩ 1 2 )͓1Ϫln(inϩi 1 2 )ϩ(2sϪ1)͔͖. The relation BϭB(h) follows from (B)ϭ0. In the limit of strong coupling, we also obtain a Wiener-Hopf equation for () from the second equation of Eq. ͑14͒. Using the similar procedure, we solved the dependence of B on h. An explicit expression for the susceptibility at zero temperature ͑22͒ follows with ‫ץ‬B/‫ץ‬hϭϪ1/h.
In the above we obtained exact results for the Kondo impurity by taking into account the electronic correlations in the case of quadratic dispersion relation. We showed that the model is integrable when the correlation strength u is proportional to the J, the strengh of electron-impurity coupling. If we consider the approximation k j ϳk l for any j,l, the S matrix of electron-electron will be independent of u. Then the Yang-Baxter equation will give no relation between u and J. This makes it easy to understand the usual Kondo problem where the linear dispersion relation is adopted. 
